New (96,20, 4, 4) and (96,19,2,4) regular partial difference sets are constructed, together with the corresponding strongly regular graphs. Our source are (96,20,4) regular symmetric designs.
Introduction and preliminaries
We start with defining objects to be constructed. Definition 1 Let H be a group of order v. A k-subset S ⊂ H is called a (v, k, λ, µ) partial dif f erence set if the multiset {xy −1 | x, y ∈ S, x = y} contains each nonidentity element of S exactly λ times and it contains each nonidentity element of H \ S exactly µ times.
Using the notation of a group ring ZH (where S := s∈S s), a (v, k, λ, µ) partial difference set S ⊂ H in the group H can be defined as a subset for which the equation S · S (−1) = k{e} + λS \ {e} + µ(H \ S) \ {e} (1.1)
holds; e denotes the group identity element. Partial differential sets S 1 and S 2 in groups H 1 and H 2 , respectively, we will call equivalent if there exists a group isomorphism ϕ : H 1 → H 2 which maps S 1 onto S 2 .
The notion of a partial difference set generalizes that of a difference set, well-known in group and design theory.
Definition 2 A (v, k, λ) difference set is a k-element subset ∆ ⊆ H in a group H of order v provided that the multiset {xy −1 | x, y ∈ ∆, x = y} contains each nonidentity element of H exactly λ times.
In terms of a group ring, ∆ ⊆ H is a difference set in a group H if and only if the relation ∆ · ∆ (−1) = k{e} + λH \ {e} holds in ZH. In case a set ∆ ⊆ H is a difference set in a group H, its so called "shift" ∆x by each element x ∈ H is a difference set in H as well, [1] . It is obvious that any (v, k, λ) difference set is a (v, k, λ, λ) partial difference set. A partial difference set (PDS for short) S is reversible if S = S (−1) . A reversible partial difference set S is called regular if e / ∈ S. It is easy to see (cf. [7] ) that the following assertions hold.
is a reversible PDS with corresponding parameters.
∆x is a regular (v, k, λ, λ) PDS if and only if x −1 / ∈ ∆ and ∆x is a reversible set; (ii) ∆x − e is a regular (v, k − 1, λ − 2, λ) PDS if and only if x −1 ∈ ∆ and ∆x is a reversible set.
The development of a difference set ∆ ⊆ H is the incidence structure dev∆ = (H, {∆g | g ∈ H} , ∈). By this structure difference sets and symmetric designs are interrelated, as shows the following important result, [1] .
Theorem 1 Let H be a finite group of order v and ∆ a proper, non-empty k-element subset of H. Then ∆ is a (v, k, λ) difference set in H if and only if dev∆ is a symmetric (v, k, λ) design on which H acts regularly.
Let's repeat, a symmetric block design with parameters (v, k, λ) is a finite incidence structure D = (V,B,I) consisting of |V| = v points and |B| = v blocks, where each block is incident with k points and any two distinct points are incident with exactly λ common blocks. An automorphism of a symmetric block design D is a permutation on V which sends blocks to blocks. The so far introduced notions and observations are connected to graph theory. More precisely, regular partial difference sets and strongly regular graphs are closely related through the concept of Cayley graphs. Definition 3 A strongly regular graph (SRG) with parameters (v, k, λ, µ) is a graph with v vertices which is regular of valency k, i.e. every vertex is incident with k edges, such that any pair of adjacent vertices have exactly λ common neighbours and any pair of non-adjacent vertices have exactly µ common neighbours.
Definition 4
For a group H and a set S ⊂ H with the property that e / ∈ S and S = S (−1) , the Cayley graph Γ = Cay(H, S) over H with connection set S is the graph with vertex set H so that the vertices x and y are adjacent if and only if x −1 y ∈ S. Then Γ is undirected graph without loops.
Accordingly, the edge set of a Cayley graph Γ = Cay(H, S) over H with connection set S is E := {{x, sx} | x ∈ H, s ∈ S}. Our construction of strongly regular graphs (cf. [5] ) will be based on the following important assertion about Cayley graphs, [1] p. 230 or [6] .
Theorem 2 A Cayley graph Cay(H, S) is a (v, k, λ, µ) strongly regular graph if and only if S is a (v, k, λ, µ) regular partial difference set in H.
In this sense, equivalent regular PDS's obviously correspond to isomorphic strongly regular Cayley graphs. Note that for two inequivalent partial difference sets S 1 and S 2 in a group H, the graphs Cay(H, S 1 ) and Cay(H, S 2 ) can be isomorphic. Similarly, for two inequivalent partial difference sets S 1 and S 2 in groups H 1 and H 2 , |H 1 | = |H 2 | , the graphs Cay(H 1 , S 1 ) and Cay(H 2 , S 2 ) can be isomorphic. Several examples of both such cases are shown in Section 2.
In our computation we use GAP, the well-known system for computational group theory, [9] . Moreover, because we deal with a rather large number of groups, for identifying groups we use GAP-catalogue number whenever it is available. Namely, the order of some groups that appear in our considerations exceeds the scope of the GAP Library Small Groups. A GAP-catalogue number is of the form [m, n] and it stands for n-th group of order m in the catalogue. For graph exploring we use GRAPE [8] , a package which is a part of GAP.
Construction of regular partial difference sets and graphs
Following the theoretical background highlighted in Section 1, it can easily be verified that the procedure for the search of regular partial difference sets, starting from a known difference set ∆ ⊆ H, can be performed in the next two steps: (i) construction of all shifts ∆x of ∆, x ∈ H, (ii) selection of those shifts which are reversible sets in H. Then, each reversible shift which does not contain e is a regular (v, k, λ, λ) PDS, while each reversible shift that contains e yields a regular (v, k − 1, λ − 2, λ) PDS ∆x − e. To this procedure of "surveyed shifting" we have submitted about seventy (96,20,4) difference sets in approximately 30 groups presented in [3] and [4] . The cited papers contain detailed description of the difference sets construction from 9 regular (96,20,4) symmetric designs. The procedure ended in construction of 59 regular PDS's in 9 groups. After GAP-testing on group automorphisms, final result boiled down to 31 inequivalent regular PDS in 9 groups. Regarding isomorphism of the corresponding strongly regular Cayley graphs, these 31 PDS's split into eight nonisomorphic SRG-classes. Their representatives we denote by Γ j , j = 1, 2, . . . , 8. It turned out that difference set shifts being or yielding regular PDS's are connected with three designs only, all three given in [3] and there denoted by D 1 , D 6 , and D 8 . Sticking to that labelling, in presentation of the obtained regular PDS's we indicate the originating design in the superscript of a concerned difference set ∆ k [96,n] , k ∈ {1, 6, 8}. The subscript refers to GAP-cn of the host group. The results we give group by group. All nine groups are nonabelian. We use the notation p q = qpq −1 for p, q arbitrary elements of a group.
1. In the group:
two nonisomorphic difference sets enable construction of two inequivalent regular PDS's.
The shift of 3. In the group:
two nonisomorphic difference sets enable construction of two inequivalent regular PDS's. 
In the group:
a single difference set enables construction of only one, up to equivalency, regular PDS. 5. In the group:
two nonisomorphic difference sets enable construction of three inequivalent regular PDS's. 6. In the group:
seven inequivalent difference sets originating from three nonisomorphic symmetric designs enable construction of 12 inequivalent regular PDS's. Here AutD 1 and AutD 6 have more than one conjugacy class of subgroups isomorphic to H [96, 195] . The shifts of ∆ 
